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Abstract. We derive an explicit c- function expansion of a basic hypergeometric function 
associated to root systems. The basic hypergeometric function in question was constructed 
as explicit series expansion in symmetric Macdonald polynomials by Cherednik in case 
the associated twisted afhne root system is reduced. Its construction was extended to 
the nonreduced case by the author. It is a meromorphic Weyl group invariant solution of 
the spectral problem of the Macdonald gr-diffcrence operators. The c-function expansion 
is its explicit expansion in terms of the basis of the space of meromorphic solutions of 
the spectral problem consisting of gr-analogs of the Harish- Chandra series. We express 
the expansion coefficients in terms of a g-analog of the Harish-Chandra c-function, which 
is explicitly given as product of g-Gamma functions. The c-function expansion shows 
that the basic hypergeometric function formally is a q-analog of the Heckman-Opdam 
hypergeometric function, which in turn specializes to elementary spherical functions on 
noncompact Riemannian symmetric spaces for special values of the parameters. 



In this paper we establish the c-function expansion of a basic hypergeometric function 
£ + associated to root systems. Besides the base q, the basic hypergeometric function £ + 
depends on a choice of a multiplicity function k on an affine root system naturally associated 
to the underlying based root data. It will become apparent from the c-function expansion 
that 8 + formally is a g-analog of the Heckman-Opdam [THJEIHIEI! hypergeometric function, 
which in turn reduces to the elementary spherical functions on noncompact Riemannian 
symmetric spaces for special parameter values. We distinguish three important subclasses 
of the theory: the reduced case, the GL m case and the nonreduced case. 
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In the reduced case £ + is Cherednik's global spherical function from [5J [8] , or a re- 
ductive extension thereof. It is a Weyl group invariant, meromorphic, self dual common 
eigenfunction of the Macdonald g-difference operators, constructed as an explicit conver- 
gent series involving symmetric Macdonald polynomials and Gaussians. In the rank one 
case £ + can be identified with an explicit basic hypergeometric series solution of Heine's 
g-hypergeometric g-difference equation (see Subsection 15. 2p . 

The GL m case is a special case of the reduced case with the underlying root system of 
type A m _i. It is of special interest since it relates to Ruijsenaars' |36j relativistic quantum 
hyperbolic Calogero-Moser model. In fact, the associated Macdonald g-difference operators 
were first written down by Ruijsenaars [3E] as the corresponding quantum Hamiltonians. 

In the nonreduced case the associated affine root system is the nonreduced affine root 
system of type C v C n . The multiplicity function k now comprises five degrees of freedoms 
(four if the rank n is equal to one). The associated basic hypergeometric function £ + was 
constructed in [32] ■ Duality of £ + involves now a nontrivial transformation of the multi- 
plicity A; to a dual multiplicity function k d (we use the convention that the dual multiplicity 
function k d equals k in the reduced case). The associated Macdonald g-difference operators 
include Koornwinder's [23] multivariable extension of the Askey- Wilson [TJ second-order 
g-difference operator. It is the nonreduced case which is expected to be amenable to 
generalizations to the elliptic level, cf. [55] . 

The basic Harish- Chandra series $^(-,7) with base point given by a torus element rj is 
a meromorphic common eigenfunction of the Macdonald g-difference operators having a 
converging series expansion of the form 

5„(f , 7 ) = w v (t, 7) Yl ^M*'^ r„(7) = 1 

deep in an appropriate asymptotic sector, where Q + consists of the elements in the root 
lattice that can be written as sum of positive roots. The prefactor W v (t, 7) is an explicit 
quotient of theta functions satisfying the asymptotic Macdonald g-difference equations (see 
Subsection 13. 3p . It is normalized such that it reduces to the natural choice ( 13. 7p of the 
prefactor when restricting t to the g-lattice containing 7770^ (here 7 c j" 1 and 7^ are the 
torus elements associated to the fc-and fc d -deformation of the half sum of positive roots 
respectively, cf. ( 12. 3p ). For the construction of the basic Harish-Chandra series Q v we 
follow closely [SD ED]- 

Let Wo be the Weyl group of the underlying finite root system. The space of common 
meromorphic eigenfunctions of the Macdonald g-difference operators has, for generic 7, 
the iy -t rans l a tes $,,(•, i/ry) (w G W ) as a linear basis over the field of quasiconstants 
(this follows from combining and extending [3H Cor. 5.14], [301 Rem. 5.13] and [131 Thm. 
5.16]). Hence, for generic 7, we have 

(1.1) £+(t,7) =c r? (7o)" 1 c v {wj)%(t,wj) 

w£Wo 
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for a unique coefficient £^(7), quasiconstant in t. The particular choice of W v in Subsection 
13.31 actually renders the coefficient £^(7) independent of t. We will call (11. ip the (monic 
form of) the c-function expansion of £ + . We will prove the following explicit expression 



^( Qo??) ^ 7) 

mi) 



c vh) = TiTTT^ Ckd, q {V 



for the expansion coefficient, where Wq is the longest Weyl group element, $(•) is the theta- 
function ( 12.70 associated to the given root data, £ is an explicit torus element depending on 
the multiplicity function k (see Corollary 14. 71 for the explicit expression of £; in the reduced 
case it is the unit element 1 of the complex torus) and c^d ^(7) (see (14. 9ft ) is "half" of the 
inverse of the dual weight function of the associated symmetric Macdonald-Koornwinder 
polynomials. 

The factor Cfc j9 (-) admits an explicitly expression in terms of g-shifted factorials (equiv- 
alently, in terms of g-Gamma functions), see (I4.10p in the reduced case and (14. lip in the 
nonreduced case. This product formula of ^(7) is a g-analog of the Gindikin-Karpelevic 
[12] product formula of the Harish-Chandra c-function as well as of its extension to the 
Heckman-Opdam theory (see [TBI Part I, Def. 3.4.2]). The appearance of c k d ^(7) in the 
expression of £^(7) will follow from the observation (due to Cherednik [TJ §4.2] in the re- 
duced case) that c k d^ q { r y) is the leading asymptotics of a suitable renormalization of the 
basic hypergeometric function £+(-,7). 

Note that for 77 = 1 the theta function factors in the expression for £^(7) cancel out. 
The c-function expansion (II. ip thus simplifies to 

(1.2) £+(t,j) = c fe d j(? (7o) _1 ^2 ^.sM^i^^). 

Comparing this formula for t on the (/-lattice containing 70^ to the c-function expansion [TBI 
Part I, Def. 4.4.1] of the Heckman-Opdam hypergeometric function, it is apparent that S + 
is formally a g-analog of the Heckman-Opdam hypergeometric function. The corresponding 
classical limit q — > 1 can be made rigorous if the underlying finite root system is of type 
Ai, see [22]. In this paper we will not touch upon making the limit rigorous in general, see 
though [7, Thm. 4.5] for further results in this direction. 

It seems though to be important to consider the c-function expansion for arbitrary r). 
For instance, in the rank one nonreduced case, a selfdual Fourier transform with Fourier 
kernel £ + and with (Plancherel) density 

^(7) 



^(7)^(7 x ) 



was defined and studied in [20j [21]. The extra theta function contributions in ^(7) 
compared to the usual weight function /ii(7) of the associated Macdonald-Koornwinder 
polynomials (which, in the present nonreduced rank one setup, are the Askey- Wilson [1] 
polynomials) give rise to an infinite sequence of discrete mass points in the associated 
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(Plancherel) measure. In the interpretation as (the inverse of) a spherical Fourier trans- 
form on the quantum SU(1, 1) group these mass points account for the contributions of 
the strange series representations of the quantized universal enveloping algebra (see |20j). 

We derive the c-function expansion (11.11) as a consequence of a more refined asymptotic 
expansion of £ + . More precisely, we look for asymptotic expansions of £+(t,j) within 
the solution space of a bispectral problem associated to Macdonald g-difference operators, 
in which dual Macdonald g-difference equations acting on 7 are added to the original 
Macdonald g- difference equations acting on t. The basic hypergeometric function £ + is a 
solution of the bispectral problem because of selfduality, 



ity function k (the underlying root system is unchanged since we are dealing with twisted 
theory). We derive the c-function expansion (11.11) as a consequence of an explicit expan- 
sion of £ + in terms of a selfdual basic Harish- Chandra series solution $ of the bispectral 
problem. It is of the form 



with c(i, 7) a meromorphic function, quasiconstant in both t and 7, given explicity in terms 
of theta functions (see Theorem 14. 6p . 

To establish this bispectral version of the c-function expansion we use Cherednik's 
[6J double affine Hecke algebra, as well as the theory on bispectral quantum Knizhnik- 
Zamolodchikov (KZ) equations from [311 [30]. We use that £ + is the Hecke algebra sym- 
metrization of a nonsymmetric analog £ of the basic hypergeometric function, whose fun- 
damental property is an explicit transformation rule relating the action of the double affine 
Hecke algebra on the first torus variable to the action of the double affine Hecke algebra on 
the second torus variable (this goes back to [5] in the reduced case and [32] in the nonre- 
duced case). The Hecke algebra symmetrizer acting on such functions factorizes as o ip 
with ip mapping into the space JC w ° xW ° of Weyl group invariant meromorphic solutions 
of the bispectral quantum KZ equations. The map <ft is the Cherednik-Matsuo map from 
[I]. Thus the basic hypergeometric function £ + is the image under of the Weyl group 
invariant meromorphic solution ip(£) G K, Wo x Wo of the bispectral quantum KZ equations. 

We need this detour through bispectral quantum KZ equations because it allows us 
to push fundamental results on the asymptotic analysis of the bispectral quantum KZ 
equations (cf. [2BED]) to the bispectral problem using the Cherednik-Matsuo map 0. For 
instance, we show that the space K, has a basis over the field of quasiconstants defined in 
terms of Ho-translates of a selfdual asymptotically free solution F (in the reduced case it 
is from [31], [30] ) . The image of F under the Cherednik-Matsuo map is the selfdual basic 
Harish- Chandra series $ in (11.31) . 

As an application of the c-function expansion we establish pointwise asymptotics of the 
Macdonald-Koornwinder polynomials in Subsection 15.11 (the L 2 -asymptotics was obtained 




(1.3) 
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by different methods in (371 O [TO])- In addition we relate and compare our results to the 
theory of basic hypergeometric series when the rank of the underlying root system is one. 

2. The basic hypergeometric function 

In this section we give the definition of the basic hypergeometric function associated 
to root systems. It was introduced by Cherednik in [5] for irreducible reduced twisted 
affine root systems. In jl2] it was defined for the nonreduced case (sometimes called 
the Koornwinder case, or C y C case). We give a uniform treatment allowing higher rank 
translation lattices. In particular we also cover the GL m -extension of the reduced type A 
case. 

2.1. Affine root systems and extended affine Weyl groups. In this subsection we 
recall well known facts on affine root systems and affine Weyl groups (for further details 
see, e.g., [HI ES])- Let V be an Euclidean space of dimension m with scalar product (•, •) 
and corresponding norm | ■ |. Let Rq C V be a finite set of nonzero vectors and let Vq 
be its real span. We suppose that Rq C Vo is a crystallographic, reduced irreducible root 
system. We write Ro tS (respectively Ro t i) for the subset of Ro of short (respectively long) 
roots. If all roots of Ro have the same root length then R 0tS = R = R j by convention. 
Let n = dim(Vo) < m be the rank of Ro. Let A = (aj, . . . , a n ) be an ordered basis of 
Ro and Ro = Rq U Rq the corresponding decomposition of Ro in positive and negative 
roots. We order the basis elements in such a way that a n is a short root. We write if G Rq 
(respectively 9 G Rq) for the corresponding highest root (respectively highest short root). 
They coincide if Ro has only one root length. Let Q = @™ =1 Z«j be the root lattice and 
set Q + ^0r=i ^>o«i- 

View V = V © Rc as the space of real valued affine linear functions on V by 

v + rc : v' i-)- (v, v') + r (v , v' G V, r G R) . 

We extend the scalar product (-,-) to a semi-positive definite form on V such that the 
constant functions Rc are in the radical. The canonical action of the affine linear group 
GLk(V a ) k V on V gives rise to a linear action on V by transposition. We denote the 
resulting translation actions by r. Thus t(v)v' = v + v' and 

t(v)(v' + rc) = v' + (r — (v, v'))c. 

For 7^ a G V and r G R let s a+rc be the orthogonal reflection in the affine hyperplane 
{v G V | (a, v ) = — r}. Then s a+rc G GLr(1 / ) x V. In fact, s a+rc = r(— ra y )s a with 
a v :=2a/|a| 2 . 

The twisted reduced affine root system R' associated to Ro is 

\a\ 2 

R» ■= { a + r^-c \ ae Ro, r G Z} C V. 

The affine Weyl group W* of R' is the subgroup of GL^{V) x V generated by s a (a G R'). 
It preserves R*. In addition, W* ~ Wo x Q with Wo the Weyl group of Rq. We extend the 
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ordered basis A of R to an ordered basis 

\6\ 2 

A = (a , a h . . . , On) := (— c - 9, a x , . . . , a n ) 

of P*. It results in the decomposition R* = R' ,+ U R*~ of R* in positive and negative 
roots. 

The Weyl group Wq and the affine Weyl group W are Coxeter groups, with Coxeter 
generators the simple reflections Sj := s ai (1 < i < n) respectively sq := s ao , s±, . . . , s n . 

Let Q y be the coroot lattice of Rq, i.e. it is the integral span of the coroots a v = 2a/\a\ 2 
(a G Rq). Fix a full lattice A cV satisfying QCA and (A, Q v ) C Z. 

Remark 2.1. In this remark we relate the triples (Rq, A , A) to the notion of a based root 
datum (cf., e.g., §1] f° r a survey on root data). Using the notations from [3S1 §1], 
suppose that \&o = (X, A, X v , $ v , A v ) is a nontoral based root datum with associated 
perfect pairing (•, •) : X x X y — > Z and associated bijection a i— >■ a v of $ onto $ v . Assume 
that the root system $ is reduced and irreducible. Choose a Weyl group invariant scalar 
product (•, •) on V := JH®%X. Now we use the scalar product to embed X v as a full lattice 
in V. Thus £ G X v , regarded as element of V, is characterized by the requirement that 
equals (x,£) for all x G X. The element a v G $ v then corresponds to the coroot 
2a/\a\ 2 in V. It follows that the triple (Rq, A ,A) := ($, A,X) in V satisfies the desired 
properties. 

Let 

P:={XeV \ (A, ct v ) G Z Va G i? } 

be the weight lattice of i?o- Let Wi G P (1 < % < n) be the fundamental weights of P 
with respect to the ordered basis A of Rq. In other words, cu, G Vq is characterized by 
(S7j,aJ) = 5j >;? - (Kronecker delta function) for 1 < i, j < n. Since Q C P with finite index 
and Q C A, there exists for each i G {1, . . . , n} a smallest natural number irti such that 
zui := rriiWi G A. Then {a7j}™ =1 is a basis of a W^o-uxvariant, rank n sublattice of A fl Vq 
with the basis elements satisfying (wi, aj) = if j ^ i and (wi, a^) = rrii G Z >0 . Set 

A c := An Vtf-. 

Note that MA C A c © ©^Li Zzuj for M — m\ - ■ ■ m n . In particular, A c is a full sublattice 
ofT^. 

We list here the three key examples of triples (Po, A , A). 

Example 2.2. (i) If Vq = V then a natural choice for A is the weight lattice P. Then 
Wi = Wi. The condition (P, P) C Z can always be achieved by rescaling the scalar product. 
(ii) Let V = M. m with orthonormal basis {6,}™^. Take R = {tj — £j}i<i^j< m the root 
system of type A m _ x with ordered basis 

Ao = (fl — £2) ^2 ~ ^3; • • • 5 fm-i — e m ). 

Then Vq C V is of codimension one and n = m — 1 . In this case we can take A = ©™ 1 Ze^ . 
T/ie correponding elements Wi G A (1 < i < m) are given by Wi = niiWi with nii the 
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smallest natural number such that imi G mZ and with 

~ i , \ 

"Hi = ei H h e, (ei H h e m ■ 

m 

T7ie lattice A c is generated by €\ + ■ ■ ■ + e m . 

(iii) Lei i?o C Vo = V = M™ 6e the root system of type Ai if n = 1 and of type B n ifn>2. 
In this case we can take A = Q. The corresponding elements Wi (1 < i < n) are given by 
Wi = Wi (1 < i < n) and w n = 2w n . They form a basis of A. 

We call W := W x A the extended affine Weyl group associated to the triple (R , A , A). 
It preserves R* and it contains the affine Weyl group W* as normal subgroup. 
The length function on W is defined by 

l(w) = # (r*'+ n w" 1 /?*'-) , w e W. 

Let Q C W be the subgroup 

n = { w g iy | /H = o}. 

It normalizes W*, and W ~ x W. In particular, ~ W/W* ~ A/Q as abelian groups. 

The action of f2 on R* restricts to an action on the unordered basis {ao, . . . , a n } of R*. 
We also view it as action on the indexing set {0, . . . ,n} of the basis, so that wSiW' 1 = s w (a 
for w G fl and < % < n. By the same formula, Q acts on the affine braid group B 
associated to the Coxeter system (W°, (s , . . . , s n )) by group automorphisms. 

The elements of the group Q can alternatively be described as follows. For A G A write 
u(A) G W for the unique element in the coset Wqt(X) C W of minimal length. We have 
u(X) = r(A) if A G A", where 

A± : = {A G A | ± (A, a v ) > Va G itf } 

is the set of dominant and antidominant weights in A respectively. Let 

A+ m :={AGA|0<(A,« v )<l V«G<} 

be the set of miniscule dominant weights in A. Then Q = {u(X) \ A G A^ in }. 

Note that (A,a v ) = Z or = 2Z for a G R', where a v = 2a/ (a, a). Define a subset 
S = S(R , A , A) of the index set {0, . . . , n} of the simple affine roots by 

S:={ie{0,...,n} | (A,a, v ) = 2Z}. 

Case by case verification shows that S = or #S = 2. If #S = 2 and n — 1 then i? is 
of type Ai. If #5 = 2 and n > 2 then i? is of type B n and S = {0, n} (recall that a n is 
short). We call 5 = the reduced case and = 2 the nonreduced case. Thus the GL m 
case (corresponding to Example I2.2( ii)) will be regarded as a special case of the reduced 
case. 

We define a A-dependent extension of the reduced irreducible affine root system R' as 
follows. 
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Definition 2.3. The irreducible affine root system R = R(Rq, Aq, A) C V is defined by 

R:= R'u[jW(2a j ). 

jes 

In the reduced case we simply have R = R*. In this case the IV-orbits of R are in one 
to one correspondence with the Wo-orbits of Rq. Concretely, the affine root a + r^j-c G R 

.1/312 

lies in the same W-orbit as + r'^-c G R iff a G Wo/3. In this case zuj = ccj for 1 < i < n 
hence PC A and M = 1. In particular, A = P © A c . Since A c is playing a trivial role in 
the theory below, we could add the assumption V = V (hence A c = {0}) without much 
loss of generality. We do not make this assumption in the reduced case though, because it 
would throw out the important GL m case of the theory. 
In the nonreduced case we have 

R = R' UW(2a )U W(2a n ). 

It is the nonreduced irreducible affine root system of type C v C n , cf. [27J. The basis A of 
R* is also a basis of R and W is still the associated affine Weyl group. Note that R now 
has five W^-orbits 

W(a ), W(2a ), W(<p), W{6), W(26). 

In the nonreduced case A+ in = A c and A = Q © A c , hence W = A c x W* . Again the reduc- 
tive extension A c of the root lattice will always play a trivial role in the nonreduced case. 
To simplify the presentation we therefore do add to the nonreduced case the convention 
that V = V, so that A = Q, A c = {0} and Q = {1}. 

2.2. The double affine Hecke algebra. References for this subsection are [6J |29j Hi] . 
We call a function k : R — > C*, denoted by a 4 k a , a multiplicity function if k wa = k a for 
w G W and a G R. We will assume throughout the paper that 

(2.1) < k a < 1 Va G R. 

We write k* for its restriction to R* and k{ := k*. for < i < n. We set &2 a '■= k a if a G -R 
and 2a G" P. 

Definition 2.4. (i) The affine Hecke algebra H'(k') = H*(Rq, Aq; k*) is the unique asso- 
ciative unital algebra over C with generators T , . . . ,T n satisfying the affine braid relations 
of B and satisfying the quadratic relations 

(Tj — h)(Ti + k~ l ) = 0, 0<i<n. 

(ii) The extended affine Hecke algebra H(k') = H(Ro, Ao; k*) is the crossed product algebra 
Q x H'(k'), where Q acts by algebra automorphisms on H'(k') by w(Ti) = T w ^ forw G Q 
and < % < n. 

Recall that the lattice A is Wo-stable, hence Wo acts on the complex algebraic torus 
T = Hom(A,C*) by transposition. Writing t x for the value of t G T at A G A, we thus 
have (w" 1 t) A = t wX for w G W . 
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Fix < q < 1. The WVacti 011 on T extends to a g-dependent left W- action (w,t) \-t w q t 
on T by 

r{X) q t := q x t, 

where g A G T is defined by v n> q( x ' u \ 

Let C[T] be the space of regular functions on T with C-basis the monomials t \— > t x (A G 
A). Let C(T) be the corresponding quotient field. Let A4(T) be the field of meromorphic 
functions on T. By transposition the g-dependent ly-action on T gives an action by field 
automorphisms on both C(T) and Ai(T). This action will also be denoted by (w,p) i— )■ 
Let C(T) x g C .M(T) x g W be the corresponding crossed product algebras. They 
canonically act on M.(T) by g-difference reflection operators. 

I |2 

Write for t G T and a = a + r^-c G R*, 



t a ■= o r t 



r +a 



where q a '■= q 2 ■ Define for a G R* the rational function c a = c a (-; k, q) G C(T) by 



(2.2) ca(t) := 



It satisfies ^(w" 1 ^) = c wa (t) for a & R' and w G W 7 . The following fundamental result is 
due to Cherednik in the reduced case (see [6j Thm. 3.2.1] and references therein) and due 
to Noumi [33] in the nonreduced case. 



Theorem 2.5. There exists a unique faithful algebra homomorphism 

7r = 7r k , q :H(k')^C(T)x q W 

satisfying 

Kh,q{Ti) = h + ki x c ai {si tq - 1), < i < n, 

Kk,q{w) =W q , We Q. 

Remark 2.6. In the reduced case Kk, q is a one parameter family of algebra embeddings of 
H(k') (with q being the free parameter). In the nonreduced case 7Tk iq is a three parameter 
family of algebra embeddings of H(k') (with q, k 2 e, k 2 a now being the free parameters). 

The double affine Hecke algebra EI = H(/c, q) is the subalgebra of C(T) x g W generated 
by C[T] and iTk,q{H{k*)). In the remainder of the paper we will often identify H(k') with 
its 7Tfc j(? -image in M.(k, q). In addition we write for A + rc (A G A and r G R), 

x X+rc = g r x X 

for the element in the double affine Hecke algebra corresponding to the regular function 
t i-> q r t x on T. 

Under the canonical action of C(T) x g W on C(T), the subspace C[T] is H-stable. It is 
called the basic, or polynomial, representation of the double affine Hecke algebra. 
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2.3. Nonsymmetric Macdonald-Koornwinder polynomials. The results on nonsym- 
metric Macdonald and Koornwinder polynomials in this subsection are well known. In the 
reduced case they are due Cherednik (the definition of the nonsymmetric Macdonald poly- 
nomial was independently given by Macdonald), see, e.g., [6j §3.3] and [29] and references 
therein. In the nonreduced case the results in this subsection are from [331 |38j |JT] . The 
current uniform presentation of these results follows [H]. 

For w G W with reduced expression w = w(A)s il . . . s it (A G A+ in , < ij < n and 
I = l(w)) we write 

T w :— u(X)T h ■■■T il eH(k'). 

The expression is independent of the choice of reduced expression. By unpublished results 
of Bernstein and Zelevinsky (cf. [2B]), there exists a unique injective algebra homomor- 
phism C[T] e — >■ H(k'), which we denote by p i— >■ p(Y), such that Y x = P T (A) for A G A + . Its 
image in H(k') is denoted by C Y [T}. The center Z(H(k 9 )) of H(k') is C Y [T} W °. 

For x G C* and a G #0 define i ftV G T by A K x( A ' aV ) (A G A). Let 70 = 70O) G T be 
the torus element 

(2-3) 7o := II ( k H + Wc/2Y a ^T. 

«eR+ 

More generally, define for A G A the element 7a := 7a q) G T by 

7a := w(A)g7 . 

For A G A~ we thus have 7a = q x jo- 

Theorem 2.7. Let A G A. There exists a unique P\ = P\(-; k,q) G C[T] swc/i t/iai 

7r fci9 (p(r))P A = p(l^)Px Vp G C[T] 

and such that the coefficient of t x in the expansion of P\(t) in monomials t v (v £ A) is 
one. 

P\ is the monic nonsymmetric Macdonald polynomial of degree A in the reduced case 
and the nonsymmetric monic Koornwinder polynomial in the nonreduced case. We refer 
to Pa m the remainder of the text as the monic nonsymmetric Macdonald-Koornwinder 
polynomial (similar terminology will be used later for the normalized and symmetrized 
versions of Pa)- 

Write k~ x for the multiplicity function a h-> fc" 1 . Similarly to Theorem 12.71 there exists, 
for A G A, a unique P' x = P((-; k, q) G C[T] such that 

7r k -i >q -i(p{Y))P' x = p{ lx )P' x Wp G C[T] 

and such that the coefficient of t x in the expansion of P{(£) i n monomials f [y G A) is one. 

Next we define the normalized versions of Pa and P' x . For this we first need to recall the 
evaluation formulas for Pa and P' x . 

The multiplicity function k d on R dual to k is defined as follows. In the reduced case 
k d := k. In the nonreduced case k$ := k d e := ko and the values on the remaining 
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jy-orbits of R are unchanged. Set j\,d — lx{k d ,q)- The evaluation formulas for the 
nonsymmetric Macdonald-Koornwinder polynomials then read 

Px(l , d )= II {K)- l c a { lQ] k d ,q), 

aeR''+nu(\)-iR;- 

p'x(%})= II ^(to -1 ;^)- 1 ,?- 1 )- 

ae-R*'+n«(A)- 1 _R' - 

By the conditions on the parameters k a and q we have .P\(7o,d) ^ ^ P'\{%d) f° r a ^ 
A G A. Hence the following definition makes sense. 

Definition 2.8. Let A G A. The normalized nonsymmetric Macdonald-Koornwinder poly- 
nomial E(j\; ■) = E(jx; -;k,q) of degree A is defined by 

^A(70,d) 

Similarly we define E'fr^ 1 ; •) = E'{^ \ •; k, q) by 



It is related to E^x', t) by the formula 

(2-5) E'^r 1 ) = k~ l (n k>q (T Wo )E(^ WoX ; •))(*), 

where u> G Wo is the longest Weyl group element and k w := riae-R^ nw 1 ^ for u> G W 
(see (3.3.26)] for a proof of (I2.5P in the reduced case; its proof easily extends to the 
nonreduced case). 

An important property of the normalized nonsymmetric Macdonald-Koornwinder poly- 
nomials is duality, 

E{"fx]lv,d]k : q) = E{j v4 ]~ix]k d } q), VA, v G A. 

A similar duality formula holds true for E'. 
Define N(X) = N(X; k, q) for A G A by 

N{\) := TT 

They appear as the quadratic norms of the nonsymmetric Macdonald-Koornwinder poly- 
nomials. Concretely, if the parameters satisfy the additional conditions \k a k^\ < 1 for all 
a G R (this only gives additional constraints in the nonreduced case), then 

(E( lx ; •; k, q), E{%\ k~\ q- l )) k , q = (1, 1) M JV(A; k, q)5 x ,u 
for all A, v G A with respect to the sesquilinear pairing 

(pi,P2)k, q := / Pi(t)p2{t)( , 1 r W pi,p 2 GC[T]. 

./t„ \ eR ., + c a {t;k,q)/ 
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Here T u := Hom(A, S 1 ) C T with S 1 the unit circle in the complex plane, and dt is the 
normalized Haar measure on the compact torus T u . 

2.4. Gaussians. The results in this section are from [61 §3.2] in the reduced case and from 
in the nonreduced case. 
The g-shifted factorial is 

r-l 



{x;q) r :=Y[{l-q i x), r G Z> U {oo} 



i=0 



(by convention empty products are equal to one). Recall that the g-Gamma function is 
defined as 

(2.6) FJx) = (l-g) 1 -* ( 9 ' 9 )°° 



see [Til §1.10]. In this paper we will though express all results in terms of g-shifted 
factorials. Set 

9(x;q) := (q; q) ^ (x; q) ^ (q/x; q) ^ 

r 2 1 

It is the Jacobi theta function ^2'^L_ 00 q~ (—q~ 2 x) r , written in multiplicative form via the 
Jacobi triple product identity. It satisfies the functional equations 

?-(r-l) 

9(q r x;q) = (—x)~ r q~ 2 9(x;q) Vr G Z. 

The theta function associated to the lattice A is the holomorphic VFo-i nv ariant function 
$(•) — $a( - ) 011 T defined by 

(2.7) $(t) ;=Y,q^t\ 

AeA 

Since the base for ■$(•) will always be q we do not specify it in the notation. The theta 

|A| 2 

function ■#(•) satisfies the functional equations i)(q x t) = q ~t~ x, d{t) for all A G A. 

Remark 2.9. We will always specify the variable dependence, 9(-;q) and ■#(•), to avoid 
confusion with the highest short root 9 and the highest root $ of Rq. 

Definition 2.10. The Gaussian G = Gk, q G Ai(T) is defined by 

G(t) ^(f)- 1 

in the reduced case and 

:=(??; $r II HokoK^q^ 

in the nonreduced case. 

Note that the Gaussian is IVo-invariant, and that G(t) = Git^ 1 ). 
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Remark 2.11. In the nonreduced case the set Rq + of positive short roots is an orthogonal 
basis of V and a Z-basis of A = Q (cf. Subsection 15. 3p . By the Jacobi triple product 
identity it then follows that G(t) equals ^(t) -1 in the nonreduced case if k Q = k 2ao - 

We recall the most fundamental property of the Gaussian in the following proposition. 
For proofs and more facts on the Gaussians we refer to [51 H2] . 

Proposition 2.12. (i) Given a multiplicity function k on R, the assignment k T ao := k 2ao , 
^2a = k ao an d k T a . := k ai , k 2a . '■= k 2ai for 1 < i < n determines a multiplicity function k T 
on R. 

(ii) There exists a unique algebra isomorphism t : M.(k, q) —> M(k T , q) satisfying 

r(T ) = X; a °T -\ 

r(Tj) =Ti, 1 < i < n, 

t(X x ) =X\ AG A, 

t(u(X)) = q-^X x u{X), A G A+ m . 

(iii) For all Z G M(k,q) we have 

G Kq (-)ZG Kq (-)- 1 = t(Z) 
in M.{T) x g W, where we view both H(/c, q) and M(k d , q) as subalgebras of M.{T) » q W . 

2.5. The nonsymmetric basic hypergeometric function. The nonsymmetric Macdo- 
nald-Mehta weight =Q(-;k,q) : A -> C is 



Q(\; k, q) 



Gk^^lKr) 



G fc ^(7o ) r)Ar(A;^,g)' 



where 7a, t := l\(k T ,q), k rd = {k T ) d and k dr = {k d ) T (see [51 §7] in the reduced case and 
pTTj §6.1] in the nonreduced case). We have fi(0; fc, g) = 1 and 

Q(X;k,q) = n(X;k d ,q), 
Q(—w X] k, q) = f2(A; k, q) 

for all A G A. In view of the Gaussian contribution to the weight 0(A), the discrete 
Macdonald-Metha integral M := M(k, q) defined by 

M := G( 7o ; k d \ q)G{ lQ4] k\ q) £ fi(A; k, q) 

AeA 

is convergent. It can be evaluated explicitly, see [SI Thm 1.1] in the reduced case and [121 
Prop. 6.1] in the nonreduced case. It will play the role of normalization constant for the 
(nonsymmetric) basic hypergeometric function. 

For i G {1, . . . ,n} we denote the simple root — u>oa.j by Write K for the field of 
meromorphic functions on T x T. 
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Theorem 2.13. (i) There exists a unique antiisomorphism £ : M(k,q) — > M((k d ) x ,q x ) 
satisfying 

£(T0 = T~\ l<i<n, 

i(Y x ) = x~ woX , X e A, 

aX x ) = T W0 Y X T- Q \ X G A. 

(ii) There exists a unique £(■, •) = £(■, •; k, q) G K satisfying 

(1) (t, 7) 1 — y G fc r g (t) _1 G A;t iT 9 (7) _1 £^(t, 7; fc, g) a holomorphic function on T x T , 

(2) tt£ i(? (Z)£ = ^-i,^ for all Z G H(fc, g ), where u\Z) and k^Z)) are 
the actions of ir(Z) and 7r(£(Z)) on the first and second torus variable respectively, 

(3) £(7o,d,7o) = 1. 
Explicitly, 

£(t, 7; k, q) = M^G k r iq {t)G^{i) ^ K q)E(^_ woX y, t; k\ q)E'(^ dT ; 7; k d \ q) 

AeA 

with the sum converging normally and with 7A,dr = lx{k dT ,q)- 

Proof, (i) Set (If)(t) := for / G C(T). There exists a unique algebra isomorphism 

77 : H(fc,g) ^> H(A;^ 1 ,g- 1 ) such that vr fcj9 (Z) o I = J o 7r fe -i j9 -i(7/(Z)) for all Z G H(fc, g) 
(both sides of the identity viewed as operators on C(T)). Then £(Z) = T^ (5(?7(Z)))T wo 1 
with 5 : H(A; _1 , g _1 ) — — > H((fc d )~ 1 , g^ 1 ) the linear duality antiisomorphism mapping Tj to 
(1 < i < n), X A to Y- x and Y" A to X~ x (A G A). See §3.3.2] in the reduced case 
and [38] in the nonreduced case for further details on the duality antiisomorphism 5, as 
well as P3H3J. 

(ii) A nonsymmetric kernel function £ G M.(T x T) was defined and studied by Cherednik 
O §5] in the reduced case (denoted in [5] as S q -i) and by the author [321 §5] in the 
nonreduced case (denoted in [32] as (Ej). Its transformation property with respect to the 
actions of the double affine Hecke algebra is 

Our kernel £ can be expressed in terms of £ by 

£{t,i) = (*l dy ^{T W0 )£){t-\i) 

up to normalization, cf. the proof of (i). □ 

Definition 2.14. We call£(-, •) = £(■, •; k, q) the nonsymmetric basic hypergeometric func- 
tion associated to the triple (Rq, A ,A). 

Remark 2.15. As already noted in the proof of Theorem 12. 131 the definition of the nonsym- 
metric basic hypergeometric function £ differs slightly from the definitions of the kernel 
functions in [5j H2J [7] . With our definition of £ the connection with meromorphic solutions 
of the bispectral quantum Knizhnik-Zamolodchikov equations will be more transparent (see 
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Subsection 13. ip . The difference between the definitions disappears upon symmetrization, 
cf. Subsection 12.61 

Note that for 7 6 T such that G^t^j) 7^ is a meromorphic solution of the 

spectral problem 

ftk,q(p(Y))f — ( w oP)('J~ 1 )f VpeC[T\. 
In view of Theorem 12. 131 we actually have £ G S = <S& )g , where 

(2.9) S k , q := {/ G K I 4, q ( Z )f = *W^ q -MZ))f VZ G H}. 
S is a vectorspace over W w ° xW °, with F C IK the subfield 

(2.10) ¥:={feK\f(q x t,q x ' 1 ) = f(t, 1 ) VA,A'gA} 
of quasi- const ant meromorphic functions on T x T. 

Proposition 2.16. (i) The involution 1 ofK, defined by (tf)(t,j) = /(t -1 ^ -1 ), restricts 
to a complex linear isomorphism 

L \s k , q • $k,q y <~>k d ,q- 

(ii) The nonsymmetric basic hypergeometric function 8 is selfdual, 

L(£(;-;k,q))=£(;-,k d ,q). 

Proof, (i) Let / G Sk >q and set g := if. Recall the isomorphism r\ from the proof of 
Theorem 12.131 Denote t]d for the isomorphism rj with respect to dual parameters (k d ,q). 
Then 

nU tq {Z)g = n k -i !q -i(t(Z))g, VZe M(k d ,q) 

with antiisomorphism £ = 77- 1 o f- 1 o Vd : M(k d 1 q) -> H^ -1 ^ -1 ). Since r/(T;) = IT 1 , 
r?(X A ) = X~ x and r?(y A ) = T Wo Y woX T^ for 1 < z < n and A G A (cf. [6, Prop. 3.2.2]), 

we have that £ is the antiisomorphism £ with respect to dual parameters (k d ,q). Hence 

(ii) It follows from the explicit series expansion of £, (12. 5p and (12.81) that 

<,(£(•, •; fc, q)) = 7rj[d i9 (T tU0 )7r2- li9 - 1 (T W0 )£(., ■; A; d , g). 

But this equals £(■,■; k d ,q) since £(T^ ) = J^" 1 . □ 

2.6. The basic hypergeometric function. We first recall some well known facts about 
symmetric Macdonald-Koornwinder polynomials from e.g. [BJ ESI E31 ESI 112] ■ For p G 
CfT] 14 ^ we decompose the (/-difference reflection operator 7ik, q (p(Y)) associated to the cen- 
tral element p(Y) G Z(H(k*)) as 

The Macdonald operator D p = D k,q associated to p is then defined by 

D k ' g ■= D k ' Q 
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The Macdonald operators D p (p £ CJT] 1170 ) are pairwise commuting, JVo-equivariant scalar 
g-difference operators (see, e.g., [212 Lem. 2.7]). Explicit expressions of D p can be given 
for special choices of p £ CfT] 1 ^ , in which case they reduce to the original definitions of 
the Macdonald, Koornwinder and Ruijsenaars g-difference operators from [28], [23] and 
[35] respectively (see [23 §4.4]). 
The idempotent 



satisfies TjC + = kiC + = C + T { for 1 < i < n (we do not specify the ^'-dependence of 
C + , it will always be clear from the context). It follows that Ttk, q {C + ) : Ai(T) — > Ai(T) 
is a projection operator with image M(T) W °. Consequently, if / £ M(T) satisfies the 
g-difference reflection equations 



The monic symmetric Macdonald-Koornwinder polynomial -P^(-) = P^(-;k,q) £ C[T] 
(A £ A - ) is the renormalization of E + ( / j\] •) having an expression 



in monomials with leading coefficient d = 1. Then E + {^\, ■) = P^(7 d ) _1 P A t '(-), since 
-E + (7a; 7o,d) = 1. Self duality and evaluation formula for the symmetric Macdonald-Koorn- 
winder follow from the corresponding results for the nonsymmetric Macdonald-Koorn- 
winder polynomials by standard symmetrization arguments. Alternatively they can be 
derived from the asymptotic analysis of the bispectral quantum Knizhnik-Zamolodchikov 
equations, see Remark [3.111 

Before symmetrizing the nonsymmetric basic hypergeometric function S, we first intro- 
duce and analyze the natural space it will be contained in, cf. [311 Def. 6.13] for GL m and 
[30| Def. 6.4] for the reduced case. 

Definition 2.17. We set U := Uk,q for the F-vector space of meromorphic functions f on 
T x T satisfying 





satisfies 



D p {E + { lx - ■)) = p( 7a - 1 )^+(7a; ■) Vp £ C[T] 



= E d » two 



(2.11) 



(D t p f)(t, 1 )=p( 1 - 1 )f(t, 1 ) 

(D;f)(t, 1 )= P (t)f(t, 1 ) 
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for all p G CfT] 1 ^ , where D p = Dp k ^ ' q . The superindices t and 7 indicate that the 
q-difference operator is acting on the first and second torus component respectively. 

Note that U is Wq x WVinvariant. View 7r^ g (C_|_) and ^l k d\- 1 q -i (C+) as projection 
operators on K. Their images are 

K w x{i} and K {i}xw reS p ec tively. 

Lemma 2.18. (i) The restrictions of the projection operators -r\ q {C + ) and TtJ k d\- 1 q -i (C+ ) 
to Sk, q coincide and map into U^° xW °. 

(ii) The involution tofK. restricts to a complex linear isomorphism 



(iii) For all f eS, 



|Z4, 8 : Mk,q > Mk d ,q- 



T^(C + )(t/) = ^(C + )/). 



Proof. Since £(C+) = C + , the restrictions of 7T^ ? (C + ) and nl k d\-i g -i(C+) to <Sfc )g coincide. 
Let / G 5 fc , q and set /+ := tt^(C + )/. Since k(p(Y)) = p^ 1 ) for all p G CfT]^ and 
since the projection operator ir kiq (C+) on K has range K H/ ° X ^ 1 ^, the meromorphic function 
/+ satisfies the first set of equations from (12.111) . For the second set of equations of (12. llf) 
note that / + is Wo-invariant in the second torus component since / + = 7r7 fed , x q -i{C + )f. 

Then for p G C[T] Wo , 

^ , r > " 1,9 " 1 / + = ^ ) _ 1|(r _ 1 (c + p(y))/ 

= nl q (p(X))^ kdyl<g . 1 (C + )f 

since £(p(X)) = T Wo p(Y)T~^. Hence /+ G U^ q xW ° } proving (i). Part (iii) follows from (i) 
and the fact that 

to^(C+)=7r2;_ ljtf _ 1 (C7 + ) 
(which in turn follows from the fact that t](C + ) = C + ). It remains to prove (ii). It suffices 
to show that I o D^ q o I = D p A for p G CfT] 1 ^ as endomorphism of Ai(T), where 
(Ig)(t) := g{t~ l ). This follows from rj(p(Y)) = p(Y) for p G CfT] 1 ^ , cf. the proof of 
Proposition 12.161 (see also [30j Lem. 6.2]). □ 

The nonsymmetric basic hypergeometric function £ associated to (i?o,A ,A), being a 
distinguished element of S, thus gives rise to a distinguished Wo x IVo-symmetric mero- 
morphic solution to the bispectral problem (12.111) : 

Definition 2.19. We call £+(■, •) = £+(■, •; k, q) := ir\ >q (C + )£{-, •; k, q) G U w ° xW ° the basic 
hypergeometric function associated to the triple (Rq, Aq, A) . 

In the reduced case £ + is Cherednik's [5j 7J global spherical function. In the nonreduced 
case £ + was defined by the author in [32"] . 

We list the key properties of the basic hypergeometric function in the following theorem. 
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Theorem 2.20. (i) Explicit series expansion, 

S + (t, T ,k,q) = M-;GV i9 (t)G fed ^(7) ^ + {^k,q)E + { lx y,t-k\q)E + { lx4T - 1 - l -k d \q) 



xeA- 



with normally converging series, where f2 + (A; k, q) := J2vew \ ^{ v \ k,q)- 

(ii) Inversion symmetry, 

£+(t, 7; k, q) = E+ir 1 , 7 -1 ; k, q). 

(iii) Duality, 

i(£ + (-,-,k,q)) =£+{-,■; k d ,q). 

(iv) Reduction to symmetric Macdonald-Koornwinder polynomials, 

S + {t,^ x ;k,q) = E + ( lx _;t;k,q) VA G A, 

with A_ G A~ the unique antidominant weight in the orbit WqX. 

Proof. We only sketch the proof. For detailed proofs see [5] in the reduced case and 
in the nonreduced case. 

(i) This follows from rather standard symmetrization arguments, using the fact that 
-n{C + )E{j\] ■) only depends on the orbit Wq\ of A and that 

(2-12) E' + { 1 ^-t) = E + { 1 ^ woX -t- 1 ) 

for A G A", where E'^^-f^ 1 ; •) := ir k -i j(] -i(C + )E' '(7^ 1 ; •). Formula ( 12. 12ft is a direct conse- 
quence of (12. 5ft . 

(ii) This follows from (i) and the formula E + ('~fx] t' 1 ) = E + ('~f^ Wo \; t) for A G A~. The lat- 
ter formula is a consequence of (12. 12[) and the fact that E' + {^ 1 ; t) = E + {^\, t) for A G A~ 
(see, e.g., |2Sl (5.3.2)]). _ 

(iii) This follows from (i) and the self-duality f2 + (A; k, q) = Q + (X; k d , q) of the weight Vt + . 
Alternatively, use Proposition 12.161 and Lemma [2. 18( iii). 

(iv) This is Cherednik's generalization of the Shintani-Casselman-Shalika formula in the re- 
duced case (see [51 (7. 13)], [71 (3.11)]). For the nonreduced case, see [121 Thm. 6.15(d)]. □ 



3. Basic Harish-Chandra series 

In this section we generalize and analyze the basic Harish-Chandra series from [31] (GL m 
case) and from [30] (reduced case). The basic Harish-Chandra series is a q- analog of the 
Harish-Chandra series solution of the Heckman-Opdam hypergeometric system associated 
to root systems (see [HI Part I, Chpt. 4] and references therein). 

Our approach differs from the classical treatment, in the sense that we construct, follow- 
ing [3U|30], the basic Harish-Chandra series as matrix coefficient of a power series solution 
of a bispectral extension of Cherednik's [31 H] quantum affine Knizhnik-Zamolodchikov 
(KZ) equations associated to the minimal principal series of H(k') (the extension being 
given by a compatible set of equations acting on the central character of the minimal 
principal series representation). This is essential for two reasons: 
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(1) Convergence issues: formal power series solutions of the (bispectral) quantum KZ 
equation are easily seen to converge deep in the asymptotic sector, in contrast to 
formal power series solutions of the spectral problem for the Macdonald g-difference 
operators. 

(2) The formal power series solution of the bispectral quantum KZ equation gives rise 
to a selfdual, globally meromorphic g-analog of the classical Harish-Chandra series. 
The selfduality plays an important role in our proof of the c-function expansion of 
the basic hypergeometric function in Section HJ 

Our approach also gives new proofs of the selfduality and the evaluation formula for the 
symmetric Macdonald-Koornwinder polynomials (see Remark 13. lip . 



3.1. Bispectral quantum Knizhnik-Zamolodchikov equations. In this subsection 
we show that the space S (see (12. 9p ) is isomorphic to the space of solutions of a bispectral 
extension of the quantum affine Knizhnik-Zamolodchikov (KZ) equations. 

We will first introduce the bispectral quantum KZ equations, following and extending 
[31] 130] . Tensor products and endomorphism spaces will be over C unless stated explicitly 
otherwise. Let x '■ -Ro — >* {0, 1} be the characteristic function of Rq . Set V = ® weWo Cv w . 
Define elements 

for the generators w = Si, w = u(X) (0 < % < n and A G A+ in ) of the extended affine Weyl 
group W by 

>y- w ~ le v f rJf- h- 1 n) - k~ 2x( - w ~ 1 ^ 



for 1 < i < n, X G A+ in and w G Wo, where v(X) G Wo is the element of minimal length 
such that v(X)X G A", and 



k c (t;k 1 ,q) \ c (t;k 1 ,q) 

Ci (t;k-\q)-k; 2x{ - w - lai] 



k,q u , t we v wse f c ( 1 - 1 ;(k d )-\q)-(k d )-^ 6 

k d c (^;(k^-\ q ) V cbCr- 1 ;^" 1 ,?) 



^iMA))(^7)^:=^ oA ^(A) 



r ,, ... , f c l ( 1 - 1 ;(k d )-\q)-(kt)-^-^ 



The following theorem is J3TJ Cor. 3.4 & Lem. 4.3] in the GL m -case and [301 Cot. 3.8 & 
Lem. 4.3] in the reduced case. The extension to the nonreduced case is straightforward. 
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Theorem 3.1. There exists a unique left W x W -action ((u>i, Wz), g) >->■ V k ' q ((wi, w 2 ))g 
on K <S> V satisfying 

V^(w,l)g = Ctf tl) w* q g 
V k «(l,w)g = Ctf w) w^ ig 

for g <E K, w = sj (0 < j < n) and w = u(X) (X G A+ iny ) ; where 

{w\g){t,i) = 9(w-H,^), (wj-i^)(*,7) = g(t,w~}^). 

We say that g G K ® V satisfies the bispectral quantum Knizhnik-Zamolodchikov equa- 
tions if g is a solution of the holonomic system 

(3.1) V(r(X),r(X'))g = g V(A,A')gAxA 

of g-difference equations. Restricting the equations (13.1 ft to A x {0} and fixing the second 
torus variable 7 G T gives, in the reduced case, Cherednik's |3] H] quantum affine KZ 
equation associated to the minimal principal series representation of H(k') with central 
character 7. 

Definition 3.2. VKe write K, = K-k, q for the W-vector space consisting of g G IK®V satisfying 
the bispectral quantum KZ equations (13.11) . 

Note that K is a W x WVmodule, with action the restriction of V to W x W . 
Let a be the complex linear automorphism of K <g> V defined by 

v{f<S)V w ) := if ®v w -i. 

Then 

(3.2) aoV M ((w,«;')) = V^((«)») Vw.iu'ef. 

In particular, cr restricts to a complex linear isomorphism K,k,q — > K>k d ,q- 
Define complex linear maps 

ip := Vfc, g :K -)> K(g) V, 
:= :K <g> V -> K 

by 

Note that <fto ip = ^ „(C + ). Recall from Lemma [2.181 that 7r£ (C + ) restricts to a complex 
linear map n t kq {C + ) : 5 — > M w ° xW °. It factorizes through the solutions space )C w ° xW ° of 
the bispectral quantum KZ equations: 
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Theorem 3.3. (i) ip restricts to a ¥ WoxWo -linear isomorphism ip '■ <S — > JC w ° xWo . 

(ii) restricts to an infective Wo x W^-equivariant F-linear map <fi : /C ^ 14. 

(iii) ip k d >g o i\ Sh q = a o ipk, q \s kiq and (j) k d jq o a\ K w xw = i o (j)k,q\ K w xw . 



^k.q k,q 



Proof, (i) The analogous statement in the reduced case for the usual quantum affine KZ 
equations was proved in (43J Thm. 4.9]. Its extension to the nonreduced case is straight- 
forward. The bispectral extension follows by a repetition of the arguments for the dual 
part of the quantum KZ equations (i.e. the part acting on the second torus component). 

(ii) See [3TJ Thm. 6.16 & Cor. 6.21] for the GL m -case and [301 Thm. 6.6] for the reduced 
case (the injectivity follows from the asymptotic analysis of the bispectral quantum KZ 
equations, which we will also recall in Subsection 13. 2j) . The extension to the nonreduced 
case is straightforward. An alternative approach is to extend the techniques from (531 §5] 
to the present bispectral (and nonreduced) setting. 

(iii) Using r)(T WWo ) = T~^ w _ t for w G W it follows that 

uiGWo 

for / el. The first part then follows from the observation that 

w£Wo 

if / G Sk, q , since £(T WWo ) = T~^ w for w G Wo. For the second equality let / G ]C w ° xWo and 
set g = £ Then 

0H/))=7r<(C + )rV(/)) 
= 7r*(C+)(^) 
= iOr*(C7 + )0) 
= <0Cf)), 

where we use the first part of (ii) for the second equality and Lemma \2. 18 ( iii) for the third 
equality. □ 

Corollary 3.4. S + G (j)()C WoxWo ) . 

Proof. S + = ti\C + )£ = <f)(ip(£)) and if>(£) G )C WoxWo since S G S. □ 

3.2. Asymptotically free solutions of the bispectral quantum KZ equations. We 

recall the results on asymptotically free solutions of the bispectral quantum KZ equations 
from [31] (GL m case) and [30] (reduced case). The extension to the nonreduced case 
presented here follows from straightforward adjustments of the arguments of 
Define W(-, ■) = W{-, •; k,q) G K by 

wit 7) ■= m^n 
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There is some flexibility in the choice of W(-, ■). The key properties we need it to satisfy, 
are the functional equations 

(3.3) W (q x t, 7) = 7o V oA ^(t, 7 ), A G A 

and the self duality property 

i(W(;-;k,q)) = W(;-;k d ,q). 

For e > set 

B t := {t e T \ \t a, \ < e Vi G {1, . . . , n}} 
and B- 1 : = | t G B £ }. 

Theorem 3.5. There exists a unique F(-,-) = F(-,-;k,q) G JCk.q such that F(t,j) = 
W(t, j)H(t, 7) with H(-, •) = H(-, -;k,q)eK®V satisfying for e > sufficiently small, 

H(t, 1 )= H *» t ~ tt 'f (H^eV), H 0t0 = v wo 

fj,,v£Q + 

for (t, 7) G B~ x x B e , with the series converging normally. 

Proof. See [31] Thm. 5.3] (GL m case) and [3Ql Thm. 5.4] (reduced case). The proofs are 
based on asymptotic analysis of holonomic systems of g-difference equations using classical 
methods which go back to Birkhoff [2] (see the appendix of [31]). It is straightfoward to 
extend these results to the nonreduced case. □ 



For a G R* let n a {-) — n a (-;k,q) be the rational function 

n a (t) = 



1 - k~H a ql if 2a G' R, 

1 - K'KaW + K'hat"), if 2a G R. 



Note that c a (t; k^,q) = n a (t; k,q)/n a (t; l,q) for a G R', with 1 the multiplicity function 
identically equal to one. Let num = num 9 and den = den^ i9 be the holomorphic functions 
on T defined by 

nunig(t) := JJ n a+rl ^Jt]l,q) } den M (t) : = JJ n^^it; k,q). 

reZ >0 r£Z >0 

We give the key properties of F in the following theorem. The proof follows from straight- 
forward adjustments of the arguments in [3T] ED] (which corresponds to the GL m case and 
reduced case respectively). 

Theorem 3.6. (i) F G K is self dual: a(F(-,-;k,q)) = F{-,-;k d ,q). 

(ii) {V(l, w)F} we w is aF-basis of K. 

(iii) T x T 3 (t, 7) (->■ denfc ig (i _1 )den fe d iq (j)H(t, 7; k, q) is holomorphic. 

(iv) For e > sufficiently small there exist unique holomorphic V -valued functions T M on 
T (n G Q+j suc/i i/iai 

den fc ^(7)if(t,7;fc,g)= ^ T^r* 4 
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for (t, 7) G B e 1 x T , with the series converging normally. 
(v) T (7) = num q (>y)v wo . 

From the third part of the theorem we conclude 

Corollary 3.7. Let P k>q C T be the zero locus of denfc i9 (-) and set P^ q := {t~ l \ t G 
Pk,q}- Then the V-valued meromorphic function H(-, ■; k, q) on T x T is holomorphic on 
T\P^ q xT\P kd>q . 

In the reduced case, 

Pk, Q = {teT \t a G k 2 a q- z >° for some a G 
In the nonreduced case, 

P kq = $ ] teT\t a e {ag^ 2Z>0 ,% 2Z>0 ,cg e " 2Z>0 ,dg~ 2Z>0 } for some a G 

or tP G fc 2 g^ Z>0 for some /3 e R+ t \ , 

where 

(3.4) {a, 6, c, d} := {A^e, -hk^, qek k 2ao , -qekok^} 
are the so-called Askey- Wilson parameters. 

3.3. Basic Harish-Chandra series. Following [311 §6.3] and [301 §7] we have the follow- 
ing fundamental definition. 

Definition 3.8. The selfdual basic Harish-Chandra series $(•,•) = <&(■,■; k,q) G Uk, q is 
defined by 

(3.5) $ := (j)(F) = W(j){H). 

The properties of F from Theorem 13.61 (singularities, selfduality, leading term) can im- 
mediately be transferred to the selfdual basic Harish-Chandra series $. In particular, by 
Theorem I3.3l (iii) the selfduality of F gives the selfduality of $, 

•; k, q))=$(;-;k d ,q). 

In the derivation of the c-function expansion of the basic hypergeometric function we 
initially make use of the selfdual basic Harish-Chandra series. To make though the con- 
nection to the classical theory more transparent we will reformulate these results in terms 
of a renormalization of $(£,7) which is closer to the standard normalization of the clas- 
sical Harish-Chandra series (see the introduction). It is a 7-dependent renormalization of 
$(£, 7), which also depends on a base point 77 G T (indicating the choice of normalization 
of the prefactor). This renormalization of $ breaks though the duality symmetry. 

To define the renormalized version of the basic Harish-Chandra series, consider first the 
renormalization if (•, •) = H(-, •; k, q) G K <g> V of if (•, •) given by 

nu ^ den fcd|g ( 7 ) £ w k l „,. , 
num g (7) 
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Note that for e > sufficiently small, 

mi)= E t„(7)*-" 

for (t,7) G B" 1 x {7 G T | num (? (7) ^ 0}, and 0(f o ) = 1. 

The monic basic Harish- Chandra series $,,(•,•) = $> v (-, k,q) with generic reference 
point 77 G T is now defined by 

8„ := wvk#) 

with prefactor W 7 ^-, •) = W v (-, •; fc, q) G K defined as follows. Let 

with C -R(j~ the subset of positive short roots. For x G M>o let G T be the torus 
element A i-> ' A ) (A G A). Then W 7 ^ is defined to be 

^(^70,^,7) 

with 

W( < t ^> = uiu-iu \o^A 

${{k k 2ao )Pst) 

(note that (kQ l k2 ao ) Ps = 1 in the reduced case). The prefactor W v (t, 7) satisfies the same 
functional equations as function of t G T as the self dual prefactor W(t, 7), 

W n (q\l) = 7 V oA ^(t,7) VA G A. 

Corollary 3.9. Let 7 G T swc/i t/iat num 9 (7) 7^ 0. T/ie monic basic Harish- Chandra series 
$»?(•, 7) satisfies the Macdonald q- difference equations 

(3.6) D p %(-,j) = P ( 7 - 1 )$,(.,7) vpeqrf" 

an<i /ias, /or e > sufficiently small, a normally converging series expansion in t G S" 1 0/ 
the form 

$ v (t }7 ) = w v (t }1 ) ^(7)^, 

with 1^(7) = 0(T M (7)). In particular, T (7) = 1. 
Since 

(3.7) ^(g\7o,d,7)=7 V oA VAGA, 

the monic basic Harish-Chandra series $,,(•, 7) is the natural normalization of the basic 
Harish- Chandra series when restricting the Macdonald g-difference equations (13.61) to the 
g-lattice ^7o,d5 ,A - 
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Proposition 3.10. Fix A G A - . For generic values of the multiplicity function k we have 
(3-8) $,(t, 7A ) = (r /7o , d )-^ A P A + (t). 

Proof. Fix A G A~. Note that 

hence for t G B~ x with e > sufficiently small, 

(3.9) $„(t,7A)= E ^° A ^ 

as normally convergent series, with leading coefficient 

(3.10) d = (mo, d r woX 

(this requires num g (7^) ^ 0, which we impose as one of the genericity conditions on the 
multiplicity function). Since k is generic, this characterizes $(-,7a) within the class of 
formal power series / G C[[X _a ']]X' i ' oA satisfying the eigenvalue equations 

(D p f)(t)=p( lx r 1 )f(t), VpGC[Tp 

(cf., e.g., [25j Thm. 4.6]). The result now follows since f(t) = doP^(t) satisfies the same 
characterizing properties. □ 

Remark 3.11. The explicit evaluation formula [61 §3.3.2] for the symmetric Macdonald- 
Koornwinder polynomial P\(lo,d) — ^\"(wo7o,d) — P\(lod) (^ e can De derived from 
Proposition ^. lOl and the fundamental properties of the selfdual basic Harish-Chandra series 

(3.1D Ht , y) = ^hA teM 8, (t|7 ) 

Wr,(t, 7) den fc d i9 (7) l^ w ew K 
as follows. By a direct computation using Proposition 13.101 

(3.12) *( 7M ,7A,*,g)- 7 M ^ (7 M , *, ?) 
for A, /i G A - . By the self duality of $ and of W(-, •) it is also equal to 

(3.13) 7M ; f , S ) = ^^V PHW «)■ 
Setting A = \i = we get 

num g (7 ) _ num g (7o id ) 
den fc( i i9 (7o) den^^d) ' 
Setting = we then get the evaluation formula 

p+( -u = a num g (7o) den fc d ;g (7 A ) 
a l7o, d J ^ denkd q{lo) num q ( lx ) ' 

Returning to (13.12p and (13.13P it yields the well known selfduality 

^+(7a; 7«i fc > q) = E +(i^ 7 A g) VA, /ieA" 
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of the symmetric Macdonald-Koornwinder polynomials. Using E + (y X ',t) = E + ( r y_ WoX ] t" 1 ) 
and 7^ = u>o7-u> a for A G A" the selfduality can be rewritten as 

E+frxn^kq) = #+(7/^! 7a; g) VA,^ g A - . 

4. The c-function expansion 

The existence of an expansion of the basic hypergeometric function S + in terms of basic 
Harish-Chandra series follows now readily: 

Proposition 4.1. {$(•, w-)} we w is a F-basis of the subspace 0(/C) of U. Hence there 
exists a unique c(-, •) = c(-, •; k, q) G F such that 

(4.1) M*>7)= <t,vr()$(t,vr(). 

Proof. Since : /C — >■ W is x TVo-equivariant, we have 

0(V(l,w)F) = wgW . 
The first statement then follows from Theorem I3.6( ii). By Corollary 13.41 we have 

w£W 

in 4>{K) C U for unique c ffi 6F(w6 Wo). Since £ + is WoX Wo-invariant, c m (t, 7) = Ci(t, 107) 
for w G Wo. □ 

We are now going to derive an explicit expression of the expansion coefficient c e IF in 
terms of theta functions. As a first step we will single out the t-dependence. The following 
preliminary lemma is closely related to [7J Thm. 4.1 (i)] (reduced case). 

Set 

p :— w\ + ■ — h w n G A + . 

Lemma 4.2. Fix generic 7 G T with |7~ Q4 | < 1 for 1 < i < n. For A G A - define 
h x eM(T)by 

a( ) ' =7 ° 7 11 (-aoh, k-h—a 2 ) 



(in the reduced case we have ko = k2a , hence in this case the product over R^ s is one; in 
the nonreduced case (A, a v ) is even for all a G Rq s )- Then h\ is holomorphic on T and 

lim h- r p(t) 

r— >co 

converges to a holomorphic function h^^t) in t G T . 
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Proof. Observe that 



n 



is a regular function in t G T, and Gk-r, q (q x t)^ 1 G k dT q ('y)^ 1 S + (q x t,'-y) is holomorphic in 
(t, 7) G T x T. Hence /ia(^) is holomorphic. It remains to show that the h\(t) (A G A~) are 
uniformly bounded for t in compacta of T. Without loss of generality it suffices to prove 
uniform boundedness for t in compacta of B~ l for sufficiently small e > 0. 
Set 

which is the holomorphic part of the nonsymmetric basic hypergeometric function S. For 
w G Wo let i>* be the K-linear functional on I® V mapping v w > to 5 WtW i. Recall from 
Theorem 13.31 that 

S + = 7T<(C + )£ = 

and G K. Hence 

m){q\l) = L7 (T(A)il) (g A t,7)(^)(t,7), 



so that 



= n 



x £ A;- 1 (7r*(T^J^)(t,7)<(7o"^" WoA qr(A),i)(^,7)^)- 
ui,io'eiVo 

It thus suffices to give bounds for v^(D\(t)v w r) (A G A~), uniform for t in compacta of 
where 

L> A (t):=7 -V" oA C( T (A),i)(AT)- 
Recall from Theorem 13.51 the asymptotically free solution F(-,-) = W(-, -)H(-, ■) of the 
bispectral quantum KZ equations. Then 

r oX ~ WWoX Dx(t)H w (t) = H w (q X t), w G W 

with 

:= (V(e, 7) =C (W (t,7)ff(t ) ifl- 1 7 ) 

(note that the CV ljW )(t, 7) (w G Hq) do not depend on £). Furthermore, writing 



H w >(t) = Yl <;'(*) 



the matrix A(t) := (a™ w , eWo is invertible (cf. the proof of [3TJ Lem. 5.12]) and 
both A(t) and yl(t) -1 are uniformly bounded for t G Writing N(t, A) for the matrix 
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Wo we conclude that 

N{t,X) = A(qH)M(\)A(t)-\ 

where M(A) is the diagonal matrix {^w ! w'1~ WoX+WWoX ) w w i eWo - The matrix coefficients of 
M(A) are bounded as function of A G A~ since |7~ Qi | < 1 for all i. This implies the required 
boundedness conditions for the matrix coefficients of N(t, A). □ 

Set 

^(7o -1 (^ 1 fe ao ) PsV iK7)- 1 )^(7ot)^(7o>)^((^ 1 feao)^7o > < i ) 



(4 ' 2) c (t ' 7;M): m2a K e yh)mwoi)- i )m 1 h ao ^t) 

Observe that c" 3 satisfies the functional equations 

cVt >7 ) = c*(f,7) 
c"(t,g A 7)=7oV(^7) 
for A G A. Since 7 cl ~ 1 7o,d = (kok^oY* we in addition have 

(4-3) C *( 7M)7 ) = 1 

Wl7o,d, 7) 

Corollary 4.3. The expansion coefficient c G F in (14. ip is o/ t/ie /orm 

(4.4) c(t, 7 ) = c ,? (t,7)c e (7) 

/or a unique c e (-) = c 9 (-; fc, g) G *M(T) satisfying the functional equations 

(4.5) cV 7 ) = 7 JV(7) VAGA. 

Proof. In view of the functional equations of c (t, 7) in 7 it suffices to prove the factorization 
for generic t, 7 G T satisfying |7 _Qi | < 1 for all 1 < % < n. Since 

<«> 77—777 n t q tfr'f e k = w**) 

(which is trivial in the reduced case and follows by a direct computation in the nonreduced 
case) we have 

h-Ut) = ^fo lfc **) P '*) V c(f,i07)W(f,t«7) lim 7 r( " o? - w "" o?) (0^)(g- r? t,^7) 

(47) Gfcd ^ (7) 

_ ^((fc - 1 fc 2ao )^t)c(t,7)^(t,7)num g ( 7 ) 
G fcd r j(? (7)den fcd>9 (7) ^2 weWo k 2 w 

by Theorem 13.61 Proposition 14.11 (13.31) . (13 .51) and the assumption that |7~ a '| < 1 for all 
1 < i < n. It follows from this expression that the holomorphic function h-^ satisfies 

h-oo(q X t) = q-^i^ik^h^yhiwojrY'h-ooit) VA G A. 
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Consequently 

/*_«,(*) = cst^( 7o - 1 (A; - 1 A; 2ao )^t( W o7)" 1 ) 

for some est G C independent of t G T. Combined with the second line of (14. T[) one obtains 
the desired result. □ 

The factor c (t, 7) is highly dependent on our specific choice of (selfdual, meromorphic) 
prefactor W in the selfdual basic Harish- Chandra series. We will see later that this factor 
simplifies when considering the expansion of the basic hypergeometric function in terms of 
the monic basic Harish-Chandra series. In particular it will no longer depend on the first 
torus variable t G T. 

The next step is to compute (^(7) = c e ( 7 ; k, q) explicitly. We will obtain an expression 
in terms of the (rank one) Jacobi theta function #(•; q). Recall that 

(4.8) = „ (t;£r\g). 

v ; num 9 (t) J- 1 «+r^-c y ' H > 



We define a closely related meromorphic function c(-) = Cf., q (-) G .M(T) by 
(4.9) c(t) := J] c ^ c (t;k,q). 



»-6Z >0 



An explicit computation yields expressions of both (14.81) and (14. 9 p in terms of of g-shifted 
factorials. For c(t) it reads 

(4.10) c{t)= n (^ ra;9a )oo 



in the reduced case and 

t-t {klt- a ;qi)) „ (at- fi ,bt^,ct^,dt-^:q1) 

(4.11) c (t) = n V" . v°° n 



in the nonreduced case, where i?Q z C Rq is the subset of positive long roots and {a, b, c, d} 
are given by (13.41) . The product formula of c k d ^(7) in the reduced case is the g-analog of 
the Gindikin-Karpelevic [12] product formula of the Harish-Chandra c-function as well as 
of its extension to the Heckman-Opdam theory (see [THl Part I, Def. 3.4.2]). 
Taking the product 

den ktq (t)c k , q (t) 
mxm q (t) 

of (14 .8p and (14. 9p . the g-shifted factorials can be pairwise combined to yield the following 
explicit expression in terms of Jacobi's theta function 8(-;q). 
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Lemma 4.4. (i) In the reduced case, 



den ktq (t)c k>q (t) _ jj Q(klt a ;q a ) 



nnm q (t) 0(t- a ;q o 



(ii) In the nonreduced case, 



den k>q (t)c k , q (t) _ n 9(klt- a ;q») n 9(at^; q 2 e )9(bt^; q 2 e )9(ct^; q 2 )9(dt-P; q 2 ) 

11 O(i-oc. na \ 11 



num 9 (t) 11 0{ir«w) 11 {qlqlW-^-ql) 



In Subsection 13.21 we have seen that 

num g (7) 



is the leading coefficient of the power series expansion of {4>H) (t, 7) in the variables t~ ai 
(1 < % < n). On the other hand it is closely related to the evaluation formula for the 
symmetric Macdonald-Koornwinder polynomials, see Remark 13.1 II In the next proposition 
we show that the meromorphic function c(t) governes the asymptotics of the symmetric 
Macdonald-Koornwinder polynomial. In the reduced case it is due to Cherednik [7J Lemma 
4.3] (for the rank one case see, e.g., [T9]). 

Proposition 4.5. For e > sufficiently small, 

(4.12) hm 7o^° P X(7-,p; t) = 
normally converging for t G B~ x . 

Proof. The proof in the reduced case (see [7j) consists of analyzing the gauged Macdonald 
g-difference equations t rwop oD p ot~ rwop (p G CfT]^) in the limit r — > 00 and observing that 
the left and right hand side of (14.1 2p are the (up to normalization) unique solution of the 
resulting residual g-difference equations that have a normally convergent series expansion in 
(fi G Q + ) for t G B~ l . This proof can be straightforwardly extended to the nonreduced 
case. □ 

Theorem 4.6. We have 

£+(t,r,k,q)= c (^ w 7;M)$(>,w7;M) 

«>eWo 

with c(-, •) = c(-, •; k, q) G F given by 

(4.13) c(t, 7; k, q) = c*(t, 7; k, q)c e ( r , k, q) 

where c*(-, •) = C*(-, ■; k,q) e M{T x T) is given by g^D and c 6 {-) = c 6 {-; k, q) G M{T) is 
given by 

(4.14) c\ T , k, q) = denfcd ^ (7) ^ (7)E ^^. 

num g (7) c fc d 5 g(7o) 
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In view of Lemma [4.4[ formula f !4.14j) provides an explicit expression of c e (7) in terms 
of the rank one theta functions #(■). 

Proof. Using Lemma 14.41 it is easy to check that the right hand side of (I4.14p satisfies the 
functional equations (14. 51) . Hence it suffices to prove the explicit expression ( 14.141) of c 9 (j) 
for generic 7 G T such that |7 _Qi | is sufficiently small for all 1 < % < n. We fix such 7 
in the remainder of the proof. Recall the associated holomorphic function h\(t) in t G T 
from Lemma 14.21 Then by Theorem 12.201 using (14. 6 1) for the first equality and Proposition 
14.51 for the second equality, 

7 / \ ^((^0 ^2a ) Pa 7t),d) r p r w Q p t? i 1 d \ 

h-oo{lQ,d) = n T~\ hm To 7 0P E+{^-rp,d; 75 * ,q) 

_ ^((fc(7 lfc 2a )^70,d)Cfcd,g(7) 
^^,9(70)^^^(7) 

On the other hand, by (jO> . Corollary |43] and (TOD, 

h / \ ^((fco 1 fc2a ) pflV 7o,d)num g (7) e 
G fed r ig (7)den fcdig (7) J2 w€ w K 
Combining these two formulas yields the desired expression for c e (7). □ 

A direct computation using (13.111) gives now the following c-function expansion of the 
basic hypergeometric function £ + in terms of the monic basic Harish- Chandra series 

Corollary 4.7. For generic rj G T we have 

(4.15) £+(t,r,k,q) = c^(7 ; k,q)- x ^ c v (wr,k,q)%(t,wr,k,q) 

with c v {-) = cij(-; k, q) G Ai{T) explicitly given by 

C " (7;M) = m^yh) c *'' (7) - 

In the rank one case the c-function expansion of £ + was established by direct computa- 
tions in [8] (GL 2 case) and in [21] |4T)] (nonreduced rank one case). We return to the rank 
one case and establish the connections to basic hypergeometric series in Section [5j 

In the reduced case, by (14.101) the coefficient c v explicitly reads 



^(7) A * (l-^Qa)^ ' 

By (14. lip an explicit expression of the monic c-function c v can also be given in the nonre- 
duced case, see (15.131) for the resulting expression. 
Note that the formula for 2^(7) simplifies for 77 — 1 to 

ci(r,k,q) = c fc d i9 (7). 
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As remarked in the introduction this shows that S + formally is a g-analog of the Heckman- 
Opdam [TJ3, [THl EH] hypergeometric function. 

The ^-dependence is expected to be of importance in the applications to harmonic anal- 
ysis on noncompact quantum groups. For instance, in [201 El] a selfdual spherical Fourier 
transform on the quantum SU(1, 1) quantum group was defined and studied whose Fourier 
kernel is given by the nonreduced rank one basic hypergeometric function £ + . The Fourier 
transform and the Plancherel measure were defined in terms of the Plancherel density 
function 

(4.16) ^( 7 ) 



^(7)^(7 *) 

The extra theta-factors compared to the familiar Macdonald density 

1 



/^i(7) 



Cki, q (l)c k <i, q (l x ) 

lead to an infinite set of discrete mass points in the associated (inverse of the) Fourier 
transform. In its interpretation as spherical Fourier transform these mass points account 
for the contributions of the strange series representations to the Plancherel measure (the 
stranges series is a series of irreducible unitary representations of the quantized universal 
enveloping algebra which vanishes in the limit q — > 1, see [32J). 

5. Special cases and applications 

5.1. Asymptotics of symmetric Macdonald-Koornwinder polynomials. As a con- 
sequence of the c-function expansion we can establish pointwise asymptotics of the sym- 
metric Macdonald-Koornwinder polynomials when the degree tends to infinity. The L 2 - 
asymptotics was established in [37] for GL m , [9] for the reduced case and [10] for the 
nonreduced case (for the rank one cases see e.g. [19], [TH §7.4 & §7.5] and references 
therein) . 

For A £ A~ set 

m(A) := max((A,aj) | 1 < i < n) £ M<o- 
Corollary 5.1. Fix t £ T such that den*. , q (wt) 7^ for all w £ Wq. Then 

(5.1) £ + (7a; t; k,q)=J2 ^%^ d r lw ° X + 0(q-™W) 

as m(A) —> —00. 

Proof. By the c-function expansion in selfdual form, Theorem 12. 20l (ii)-(iv). (13.111) and the 
expression Q v = W v (j)(H) we have for A £ A - , 

£+(7a; t; k, q) = £+(7a, *; fcd > 0) 

= c( lx ,wt;k d ,q)W( lx ,wt,k d ,q)- - {cj>H){ lx , wt; k d , q). 
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The corollary now follows easily from the asymptotic series expansion in 7 A a (a G Q+) of 
(0-£/~)(7a, wt, k d ; q), together with (13. 3p . (14. 3 j) and the explicit expression (14. 13j) of c G F. □ 

5.2. The GL m case. We use the notations from Example 12. 2( ii). We identify T ~ (C*) m , 
taking ti := t 6i as the coordinates (1 < % < m). Note that the multiplicity function 
A; is constant (its constant value will be denoted by k). The g-difference operators D £r 
associated to the elementary symmetric functions 

e r(t) = IT^i' 1 < r < m 

/C{l,...,m} jei 
#I=r 

are known to be Ruijsenaars' [36J quantum Hamiltonians of the relativistic quantum 
trigonometric Calogero-Moser-Sutherland model, 

< 52 > *V= £ f II ^^^ i )HE f -),, l<r<m. 

/C{l,...,m} \i£l,j£J % i / i£l 
#I=r 

The monic version of the c-function (Corollary 14 .7p thus becomes 

d (7) = ^((^)" 1 7) tt (*V7*; <?L 

i9f ^ J- J- 



^ l<i<j<m (Ti/Ti;?)^ ' 
Note that in this case can be written in terms of Jacobi's theta function, 

n 

(5.3) v(t) = H8(-qh;q). 

i=l 

Our results for GL 2 can be matched with the extensive literature on Heine's g-analog of 
the hypergeometric differential equation (see, e.g., [TH Chpt. 1], [2U §1.7] and [29J §6.3]). 
It leads to explicit expressions of E + ( / ~fx; •), £ + , $ and Q v in terms of Heine's basic analog 
of the hypergeometric function. For completeness we detail this link here. 

Heine's g-hypergeometric g- difference equation is 

, x x / x / 1 _ c (1 — a)(l — 6) — (1 — abq) \ . ... 
z(c - abqz){V 2 q u){z) + — - + * i _ ~ z ( V i u )( z ) 

(5.4) V q Q J 
with 

(T) w \ u{z) - u(qz) 

(V q u){z) := — — , 

(1 - q)z 

the g-derivative. Note that (15. 4 j) formally reduces to the hypergeometric differential equa- 
tion 

z(l - + (c - (a + 6 + l)z)u'(z) - abu(z) = 
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by replacing in ( 15. 4 p the parameters a,b,c by q a ,q b ,q c and taking the limit q — > 1. A 
distinguished solution of (15 .4p is Heine's basic hypergeometric function 

(5.5) (j) H (z) : = 20i ( a l b ;q,z 



c 

for \z\ < 1, where the r +i0 r basic hypergeometric series [11] is defined by 

(5.6) r+A h b y. ,) : = £ (a ;^--°; + fv , 

^ 61,62,..., 6 r y ^ (g, &i, . . . , 6 r ; g) ^ 

as convergent series for |z| < 1 (it can be analytically continued to z £ C). 
Note that for GL2, 

iTTru \ d {-^ kt i/l2;q)0{-q^t 2 /k^ 1 ;q) 
9{-q 2 t 1 ;q)0[-q2t 2 ;q) 

Lemma 5.2. Fix 7 G T ~ (C*) 2 . If u £ A4(C*) satisfies Heine's q-hypergeometric 
q-difference equation (15 .4p wzi/i £/ie parameters a, b, c given by 

(5.7) a = k 2 , 6=/c 2 7i/72, = 471/72, 
i/ien i/ie meromorphic function f(t) := W v (t,'~f)u(qt2/k 2 ti) satisfies 

(5.8) D e J = e r (7" 1 )/, r = l,2, 

where the D er are the GL 2 Macdonald-Ruijsenaars q-difference operators. Conversely, if 
f is a meromorphic solution of ( 15.81) of the form /(ti, ^2) = W v (t, , y)u(qt2/k 2 ti) for some 
u G _M(C*) ; i/ien u satisfies (15. 4p witt parameters a,b,c given by (15. 7p . 

Proof. Direct computation. □ 

Corollary 5.3 (GL2 case), (i) TTie normalized symmetric Macdonald polynomial E + ( , yx',t) 
(X = Aiei + A2&2 with Aj G Z and Ai < A2^ given by 



(5.9) g+(7A ; t ) = fal+Ai _ A2/t4; Wrf. «■ Wl 
(ii) T/ie monic basic Harish- Chandra series is explicitly given by 

(5.10) *.(^) = ^^(*"^"^ 
/or |gt 2 /^i| < 1- 
Proof, (i) Consider the solution 

k 2 ,q Xl ~ X2 



h{z) - 2<Pi [ q i+\i-\2 1^.2] Q, z 

of the g-hypergeometric g-difference equation (15.41) with parameters a, b, c given by (J5Z 
and with 7 = 7a = (g Al A; _1 , q X2 k). It is a polynomial in 2; of degree A2 — Ai (it is essentially 
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the continuous g-ultraspherical polynomial). In addition, W(t,j\) = q 5~t 1 3 t 2 1 - By the 
previous lemma we conclude that Px(t) = t^t^^niq^/^ti), compare with [29, §6.3] 
and [01 Chpt. 2]. The normalization factor turning P^(t) into the normalized symmetric 
Macdonald polynomial E + ('jx]t) can for instance be computed using the g-Vandermonde 
formula [UJ (II.6)]. 

(ii) In view of the previous lemma, $^(£,7) = W v (t, r y)(j)H(qt2/k 2 ti) with the parameters 
a,b,c in <j> H given by (EZD (cf., e.g., [SI §1-7] and [8„ Thm. 2.3]). □ 

From e.g. [SI §1-7], 

__ 9(a'x; q) fa',qa'/cf qc' 
v(x; q) \ qa /o a'b'x 
6(a'x;q)(a\q 2 /b'x;q) oo ( q jh\ qc' / a'b'x . , 

~6(x;q)(qa'/b',qc'/a'b'x;q) oo \ q 2 /b'x ' g ' 

is a solution of Heine's g-hypergeometric g-difference equation (15. 4p with respect to the 
parameters (a', b', d) (the second formula follows from Heine's transformation formula [TTJ 
(III.l)]). If aV = qb' then 

6(qx/c';q) 
V(X) '= ^qT V(x) 
becomes a solution of Heine's g-hypergeometric g-difference equation (15. 4p with respect to 
the new parameters (a, 6, c) := (a',a' 2 /b',q 2 /c'). Note that (a',b',c r ) \-t (a',a' 2 /b',q 2 /c') is 
an involution on the set of triples (a', b', c') G (C*) satisfying a'c' = qb'. For the parameters 
(a, b, c) given by (15. 4 j) (which indeed satisfy ac = g&), the transformed parameters become 

(a r ,b r ,c') = (k 2 , k 2 ^y 2 /li, 972/71), 

i.e. the role of 7 in (I5.4p is taken over by u>o7 = (72,71)- The resulting solution v(x) 
thus yields by Lemma 15.21 a solution of the system (15.81) of GL2 Macdonald g-difference 
equations. It coincides, up to a quasi- const ant multiple, with the GL 2 basic hypergeometric 
function £+(t, 7): 

Proposition 5.4 (GL2 case). We have 

9(-qh;q)9(-qh;q)9(-q^kt 1 /j 2 ;q)9(-qhji/t 2 ;q) 

£+(£, 7) = j j j Y 

9(-q2ti, q)9(-q2t 2 ; q)9{-q^i] q)9(-q2j 2 ; q) 

(k 2 ,k 2 l2 h 1 ,kH 2 /tuq) oo fq ll /k 2 l2 ,qt 1 /k% fc2 

{k\qlk 2 Ml2lt x ^q)J 9X V ^i7iA272 ' ^ 

Proof. The monic GL2 c-function expansion reads 

(5.11) £+(t,l) = ^(7o)~ 1 (c„ (7)^(^,7) +c rj (w i)%(t,Woi)), 

where w 7 = (72,71) and 

9(-q 1 2 ll / V2 ; q)9(-q^ 2 /r ]l ; q) (^S/Ti; ?) 



Cr,(7) 



^(-^7i;9)^(-9^72;g) (72/71; g) { 



36 



J.V. STOKMAN 



On the other hand, by the three term recurrence relation [Til (III. 31)] for 2 <fii, with pa- 
rameters (a, b, c) specialized to (15. 7)) and z specialized to qt 2 /k 2 ti, we get 

(5.12) i 

0{-q^kt l / 1 2\q)9{-qh 2 /k ll -q){k 2 -i2hi,k 2 t 2 /t l -q) oo f qjjk 2 ^, qh/k% 2 

, g, ft 



with 



9(-qh 1 ;q)e(-qh 2 ;q) (W*i7i, q/k 2 ; q)^ \ qtxlx/t 2l2 
= ( f 72 / 7i; ? ^7o, 7)^(*, 7) + F(f , 7) ( f 7l / 72; ^ o ° ^70, wy)*„(f , ^07) 

(72/71; g)^ (71/72; q)^ 

F , t x e(-qhtj l2 ;q)e(-qh 2 /k ll] q)e(k 2 j 2 / ll ;q)9(t 2 /t 1 -,q) 



ei-q^kh/jr, q)6(-qn 2 /k l2 ; q)8(k 2 ; q)6{t 2l2 /t lll - q) 

By the second part of [TTJ Exerc. 5.13] we have F = 1. Comparing with the monic GL 2 
c-function expansion ( 15. lip , we conclude that ( 15.121) is equal to 

g(-g^7i;g)g(-gi7 2 )(fc 4 ;g) oo g 

0(-q^k;q)6(-q^/k;q)(k 2 ;q) oo 

This gives the desired result. □ 

Remark 5.5. Some symmetries and properties of S + (7a; •) and of £+ are apparent from 
the explicit expressions, others relate to well known basic hypergeometric identities. For 
instance, the polynomial reduction formula 

£ + (t, lx ) =E + ( lx ;t) 

for A = Aiei + X 2 e 2 with A; 6 Z and Ai < A 2 can be verified on the level of their explicit 
expressions using Heine's transformation formula [HI (III. 1)] . 

Remark 5.6. In the nonreduced rank one case, the quantum hypergeometric function has 
been expressed in [10] as a basic hypergeometric series without using the c-function expan- 
sion. In that case the nonreduced, rank one c-function expansion can be independently 
verified to be correct using basic hypergeometric series identities (we discuss this in detail 
in the next subsection). It is likely that the techniques of [10] can be applied in the present 
GL 2 setup, leading to an alternative proof of Proposition 15.41 

5.3. The nonreduced case. We realize the root system Rq C Vq = V of type B n as 
Rq = {±€i}f =1 U {±(ej ± e j)}i<j<j<n) with {ej}" =1 a fixed orthonormal basis of V. We take 
as ordered basis 

Ao = (ei — e 2 , . . . , e„_i — e n , e n ) 

so that Rq s = {ej}" =1 , -Rq l = {tj ± £j}i<i<j< n and 6 = ei, $ = E\ + e 2 . We include n = 1 as 
Ro = {±ei}, the root system of type Ai (it amounts to omitting in the formulas below the 
factors involving the long roots {±(ej ± ej)}^). We have A = Q = ®" =1 Zej. We identify 
T ~ (C*)", taking t{ := t £i as the coordinates. Note that qg = q^ and q$ = q. 
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The g-difference operator D p with respect to 

n 

p(t) :=X)(**+*r 1 ) 

i=l 

was identified with Koornwinder's [23] multivariable extension of the Askey- Wilson second 
order g-difference operator by Noumi [33] . It can most conveniently be expressed in terms 
of the Askey- Wilson parameters 

{a, b, c, d} = {k e k 2e , -kek~g, q*k k 2ao , -g^M^} 

and the dual Askey- Wilson parameters 

{a,b,c, d} = {k e k , -kgk^ 1 , q^k 29 k 2ao , -q^hgk^J 

(which are the Askey- Wilson parameters associated to the multiplicity function k d dual to 

k) as 

n 

D p = (V + ^X {2n ~ l ~ 1] + k 2 t l) )) 

i=i 

with 

n 

V = J2{A(t)(r(-e t ) q - 1) + Mr 1 )^), - 1)), 

i=l 

_ (1 - ati)(l - btj)(l - cti)(l - dU) tt (1 ~ klU 3 ){l - k%t- 1 ) 
A) (l-t?)(l-gt?) 11 {1-umi-UtJ 1 ) • 

If follows that (A G A - ) are the monic symmetric Koornwinder [23] polynomials and 
') (A G A~) are Sahi's [38] normalized symmetric Koornwinder polynomials. 
We now make the (monic version of) the c-function expansion of the associated basic 
hypergeometric function £ + more explicit (see Corollary 14. 7p . First note that p w s = Y^a=i e « 
and that 

7 1 = (ak$ , • • • , ak 2 &} a), 

^0,cZ = ( a ^i/ \ ■ ■ ■ i a ^i?) a )- 

Using ( 13. 7p . which is also valid in the present nonreduced setup, we can rewrite the theta 
factor of c v (j) (see Corollary 14. 7p as 

d{{w ri)- l (k 2ao k- e l y w ^) _ yr ejqriai/d} 
Using the shorthand notation 

3 

(a 1 ,...,a j ;q) r := JJ(«i;g) r , 

i=i 
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formula (15.31) of the normalized c-function 0^(7) thus becomes 
(5.13) 



c?7 



^ = jj ( a 7» 1 ,&7 i \c7 i \ drfj 1 /Vi,qna i /d;q) oo -j-j- (fcfo Sj, Kli S *5 ?) t 



i=i (if Alii ^q)^ ^t<j<n (TiS-TiS 1 ^)^ 

For n = 1 the c-function expansion (Corollary I4.7P has been proven before using the 
theory of one- variable basic hypergeometric series in [2T| HQ]. Important ingredients in 
the rank one proof of the c-function expansion are the explicit basic hypergeometric series 
expressions for 8 + and Q v , which we now recall. 
Let n = 1. The eigenvalue problem 

(5.14) p /= (a( 7 + 7 -i)-o 2 -l)/ 

of the Askey- Wilson second-order g-difference operator T> has been studied in [18J. Explicit 
solutions were obtained in terms of the very well poised 8 7 series 

rrr ( \ ST 1 ~ ^ T TT fe^r 

8 W 7 {a ; at, a 2 , a 3 , a 4 , a 5 ; q, z) := ) — z ^-r-, 

see, e.g., [TT]. On the other hand, we already observed that E + ( , y_ r ; ■) (r e Z> ) is the 
inversion invariant, Laurent polynomial solution of (I5.14p with spectral point 7 = 7_ r , and 
that both 7) and $^(-,7) satisfy (15.141) . These solutions are related as follows. 

Proposition 5.7. For t/ie nonreduced case with n = 1, we have 

(5.15) £+ ( 7 _ r ; t )= A (^^;t:i aM/ '^)- 

(5.16) £+(t,7) = -7^= f^s^T ;at, -,a 7 ,67,c7;g,^ 

f^7,f,?,l^ W t d 7 



/or |5/d 7 | < 1, and 
(5.17) 



tifad. n \n(qaty. \ Q££L 9tL 2£1 32lL i- n ) , , 

p V"rT' "/^V - ^ - ' "J \ 5i ' 5 * ' 5i ' dt ' ' ' ' 00 txt (11 Ql 11 7 ~ 5 " 



0(_i-oW2*-^ (± ± ± ± 2V-«I \ dt a d dt t 

\ / OO 

/or |d/t| < 1. 

Proo/. (i) See [UJ Thm. 4.2]. 

(ii) See HOI Thm. 4.2]. 

(iii) This follows from [2TJ §4]. □ 
In the present nonreduced, rank one setting the c-function expansion 

S + (t, 7) = c^(7o)~ 1 (c v (l)$ v (t, 7) + c T? ( 7 - 1 )$,(t, 7" 1 )) 
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with _ _ _ 

^ , . _ $l~ 1 ,^~ l ,cn~ l ,d'y- 1 l'q,qrri/d-, q) ^ 

(t -2 , gT/d;?)^ 

then becomes a special case of Bailey's three term recurrence relation (see [TTl (III. 37)]) 
for very well poised 807-series, which follows by repeating the proof of [2U Prop. 1] (the 
current formula is more general since we are not restricting to a q- interval). 

Remark 5.8. The fact that £ + and & v are global meromorphic functions on C* x C* can 
be made manifest by expressing the $W 7 series as sum of two balanced 4 3 series using 
Bailey's formula [Tl, (III. 36)], see for instance formula [21j (3.3)] for £ + (the basic r +i<f> r 
series (15.61) is called balanced if z = q and qa±a2 ■ ■ ■ a r+ i = b\bi ■ ■ ■ b r ). 

Remark 5.9. The E + ( / y^ r ] ■) (r e Z>o) are the well known normalized symmetric Askey- 
Wilson polynomials (see pQ). By the above proposition, E + coincides up to a constant 
multiple with the Askey- Wilson function from [21j . As already noted at the end of Subsec- 
tion HI inversion and Plancherel formulas were derived in [21] for the so called Askey- Wilson 
function transform, whose kernel is the Askey- Wilson function and whose density measure 
(and the Plancherel measure) is given in terms of fj, v (14.161) . Crucial ingredients for ob- 
taining the Plancherel and inversion formulas are the explicit c-function expansion and 
the self duality of the Askey- Wilson function £ + . It is an open problem to generalize these 
results on generalized Fourier transforms to arbitrary root systems. 
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